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Abstract. This study applies Min—Plus Algebra to model and analyze the distribution network of
UMKM Putra-Putri Agli, a small enterprise in West Lombok engaged in the production and distribution
of cowhide crackers. The objective of this research is to analyze the distribution network and identify
shortest-path relationships between distribution locations based on actual distance data. The distribution
system is represented as an undirected weighted graph, where nodes correspond to distribution locations
and edge weights represent the distances between locations obtained from Google Maps. The analysis is
conducted by constructing a distance matrix and applying Min—Plus Algebra operations to compute
successive matrix powers, leading to the formation of the closure matrix A*. The results show that the
closure matrix successfully identifies the minimum distances between all pairs of distribution locations
and provides the basis for deriving a distribution route with a total distance of 88.1 km. The findings also
indicate that the network's structure and connectivity significantly influence route formation, as some
locations can only be reached via intermediate nodes. The novelty of this study lies in the application of
Min—-Plus Algebra to an UMKM distribution network using actual field data and a network structure
characterized by limited connectivity. The results demonstrate that Min—Plus Algebra provides a
systematic algebraic framework for analyzing shortest-path relationships in small-scale distribution
networks. However, the model is limited to static distance-based analysis and does not consider dynamic
factors such as traffic conditions, travel time variations, or vehicle capacity constraints.
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1 Introduction

Distribution efficiency is one of the most important aspects of logistics and transportation systems because it
directly affects operational costs, delivery time, and service quality. In Micro, Small, and Medium Enterprises
(Usaha Mikro, Kecil, dan Menengah/ UMKM), inefficient distribution practices may lead to increased
transportation costs and fuel consumption. In many cases, distribution decisions are still based on experience
rather than systematic optimization, which can result in inefficient routing patterns [1].

Research on shortest path optimization and distribution route planning has been widely conducted in
transportation and logistics systems. Previous studies have applied various approaches, such as saving matrix
methods [1], shortest path algorithms in warehouse systems [2], computational logistics models [3], and
heuristic optimization techniques [4], [5]. Further developments also extend to more complex network
conditions, including multimodal transportation systems, which utilize the shortest route method using Excel
Solver to optimize delivery routes [6]. Niu et al. also emphasized that the mathematical optimization approach
has an important role in improving the efficiency of the logistics network [7]. Further research developments
show that route optimization is not only applied to static networks, but also to dynamic networks. and time-
dependent routing problems [8], [9]. These studies confirm that route optimization plays a crucial role in
improving distribution efficiency.

From a theoretical perspective, shortest path problems have been widely studied in transportation networks,
including time-dependent routing scenarios and vehicle routing problems. From a theoretical perspective,
shortest path problems can be modeled using algebraic approaches such as Min—Plus Algebra (Tropical
Algebra), which provides a matrix-based framework for representing network optimization problems. This
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approach enables the computation of shortest paths through algebraic operations on weighted graphs and has
been explored in various mathematical and network optimization studies [10]. The Min-Plus algebra is suitable
for modeling transport and distribution networks because it is able to represent the shortest trajectory search
through minimum operations. Min-Plus algebra uses the R set U {0} with two basic operations, namely the
minimum operation in place of addition and the ordinary addition operation in place of multiplication. In the
context of a distribution network, each weight on the side of the graph represents the distance between
locations, whereas the Min-Plus operation is used to determine the trajectory with the minimum total weight.

For this study, Min-Plus Algebra was selected because it can systematically represent the shortest path
problem in matrix operation form. This method allows the relationship between distribution locations to be
studied using a weighted graph structure to determine the path with the minimum total distance
mathematically. This research is not intended to compare the performance of the various shortest path
algorithms but to study the application of Min-Plus Algebra in UMKM distribution networks based on actual
data. In addition, Joswig and Schroter discuss the application of tropical geometry-based shortest path
algorithms in network optimization [11]. In addition. Masing et al. suggest that the tropical approach can be
used to determine transport routes efficiently [12], whereas Bhatia et al. explain that shortest path optimization
makes an important contribution to improving distribution efficiency [13]. Further development was also
carried out by Zuzic et al. through graph-based distributed shortest path [14], as well as Lee et al., which
examines the application of tropical optimal transport in network systems and mathematical optimization [15].

While research on distribution route optimization and shortest-path problems has developed rapidly, most
previous studies have focused on large-scale transportation networks, industrial logistics systems, or
simulation models with relatively regular network structures. However, studies specifically applying Min-Plus
Algebra to UMKM distribution systems using actual distance data remain limited. In addition, UMKM
distribution networks often face constraints related to road accessibility and uneven connectivity between
locations. Therefore, a mathematical approach capable of representing these network characteristics
systematically is required.

This research aims to apply Min-Plus Algebra to analyze the distribution network of UMKM Putra-Putri Agli
and identify shortest-path relationships between distribution locations based on actual network conditions.
The distribution network is represented as an undirected weighted graph, with distance data obtained from
Google Maps. The novelty of this study lies in the implementation of Min-Plus Algebra in an UMKM
distribution network characterized by limited connectivity and a non-uniform distribution structure. Under
these conditions, some locations can only be reached through specific connecting nodes, resulting in route
structures that differ from networks with multiple alternative paths. Therefore, this study demonstrates the
application of Min-Plus Algebra to distribution problems in UMKM based on actual field conditions and
provides a mathematical framework that can support distribution planning and decision-making.

2 Research Methods

This study aims to apply Min-Plus Algebra to analyze the distribution network and support the determination
of distribution routes based on shortest-path information. The method used is a quantitative method with a
mathematical approach because the research focuses on processing numerical data in the form of distances
between distribution locations, which are analyzed using the Min-Plus Algebra model.

The object of the research is the distribution network of cowhide cracker products in UMKM Putra-Putri Agli,
which involves one production location and several distribution destination locations. The data used consists
of primary data and secondary data. Primary data was obtained through interviews with UMKM owners to
identify distribution locations and delivery patterns that are commonly carried out. Secondary data is obtained
from Google Maps in the form of distance data between distribution locations.

Distance data between locations is obtained using Google Maps based on the distance traveled through the
available road network. Measurements are made by determining the travel route from one distribution point
to another, then recording the distance displayed by Google Maps in kilometers. The data is then used as a
weight on each side of the graph that represents the relationships between distribution locations.

The stages of the research carried out are as follows:

1. Literature Study
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This stage is carried out by examining various references related to graph theory, Min-Plus Algebra,
shortest path, as well as previous research relevant to distribution route optimization.

In Min-Plus Algebra, the addition operation is expressed by the symbol @ and is defined as [10]:
a @ b = min(a, b) (1)
whereas the multiplication operation is expressed by the symbol & and is defined as[10]:
a@®b=a+b. 2
For the two matrices A = (a;;) and B = (by;), the Min-Plus multiplication operation is defined as[10],
[11]:
(A® B)j; = ming(ajx + by;) 3)

For two matrices A and B, each element in the resulting matrix is obtained by summing the corresponding
elements of both matrices, and then selecting the minimum value of all possible combinations. In the
shortest path problem, this operation is used to determine the path with the minimum total weight from
one point to another in the network modeled in the form of a weighted graph. Based on this definition,
matrix multiplication operations in Min-Plus Algebra are performed by replacing the addition operations
on conventional matrix multiplication with minimum operations, while multiplication operations are
replaced by regular additions. This operation is the basis for the minimum trajectory finding process on a
distribution network modeled in the form of a weighted graph.

2. Data Collection

The data used consists of primary data and secondary data. Primary data was obtained through interviews
with UMKM Putra-Putri Agli owners to identify distribution locations and product delivery patterns.
Secondary data is obtained from Google Maps in the form of distance data between distribution locations.
Measurements are made by determining the travel route between distribution locations and recording the
distance displayed by Google Maps in kilometers.

3. Graph Modeling and Weight Matrix Formation

The distribution network is modeled in the form of a weighted directionless graph, with each location
represented as a node and each relationship between locations represented as an edge that has a weight of
actual distance. Based on the graph, a weight matrix A was formed, which contains the distance between
distribution locations. If there is no direct relationship between locations, then the matrix element is
assigned an infinite value (o0) or € in Min-Plus Algebra.

4. Application of Min-Plus Algebra and Closure Matrix Formation

Formulation of the Min-Plus mathematical model, which includes the conversion of distance data into the
form of a weight matrix A = [a;;], and at this stage, Min-Plus Algebra operations are performed using
basic operations [10]:

a® b =min(ab),a@b=a+b. “4)

Next, the Min-Plus matrix rank operation is carried out to form a closure matrix A*. The closure matrix is
used to obtain the minimum distance between all node pairs on the distribution network. In general, the
closure matrix is expressed as [10]:

AA=1DADAAD.. AT (5)
where [ is the Min-Plus identity matrix and n denotes the number of nodes on the distribution network.
5. Determination of Optimal Trajectory

Based on the closure matrix A*, the shortest-path relationships between nodes in the distribution network
were identified. A distribution route was then constructed by considering the connectivity between nodes
in the graph, allowing all distribution locations to be reached while incorporating the minimum-distance
information provided by the closure matrix.

6. Visualization and Analysis of Results
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The calculation results are visualized in the form of a distribution network graph and a distribution route
graph. The resulting route was then analyzed based on the network structure and the shortest-path
information obtained from the closure matrix A*.

This research was carried out through several systematically arranged stages to achieve the research objectives.
These stages include literature review, data collection, graph modeling and weight matrix formation,
application of Min-Plus Algebra and closure matrix construction, shortest-path analysis, distribution route
derivation, and visualization and analysis of the results. The sequence of research stages is presented in Fig 1.

Literature Studies |—>| Data Collection

¥
Graph Modeling and Weight
Matrix Formation

Application of Min-Plus
Algebra and Closure R E—

Matrix Formation

!

Determination of Optimal
Trajectory

Visualization and Analysis of
Results

Fig 1. Research flow diagram
3 Results and Discussion

3.1 Characteristics of Distribution Networks

UMKM Putra-Putri Agli is a local enterprise engaged in the production and distribution of cow skin crackers
in Tanak Tepong Village, West Lombok Regency. The distribution process is carried out from the production
site to several distribution locations located in the surrounding area. Distribution vehicles cannot always travel
directly between locations because of the existing road network and geographical conditions. As a result, some
distribution points can only be reached through intermediate locations that serve as connecting nodes within
the network.

These conditions create a distribution network with limited connectivity between certain locations. Not all
distribution points are directly connected, and some routes require vehicles to pass through specific nodes
before reaching their destinations. Consequently, the structure of the distribution network plays an important
role in determining the routes that can be formed during the distribution process.

The characteristics of the distribution network are an important consideration in graph modeling because they
influence the relationships between nodes and the possible paths within the network. Since direct connections
do not exist between all locations, a mathematical representation is required to describe the network structure
systematically. In this study, the distribution network is modeled as a weighted graph and analyzed using Min-
Plus Algebra to determine the minimum distances between distribution locations.

3.2 Data Collection and Distribution Network Modeling

Once the characteristics of the distribution network are identified, the next step is to collect the data necessary
to form a distribution network model. The data used is in the form of distribution locations and distances
between locations obtained through Google Maps. Measurements are made based on the distance traveled
through the available road network so that they can represent the actual distribution conditions.

The location and distance data obtained are then represented in the form of weighted directionless graphs.
Each distribution location is expressed as a node, while the relationship between locations is expressed as an
edge that has a weight in the form of the distance between locations. Graph modeling is used to describe the
interconnectedness structure between distribution points so that it can be analyzed using Min-Plus Algebra.
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On the distribution location map, the distribution destination points are marked with red markers to make it
easier to identify each distribution location used in the study.

The map of distribution locations and network shapes used in the study is shown in Fig 2.
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Fig 2. Map of production centers and delivery points

Based on the distribution locations that have been identified, a weighted graph is then formed that represents
the relationships between distribution locations. The graph is the basis for the preparation of the weight matrix
used in the Min-Plus Algebra calculation process.

F

G

Fig 3. Weighted directionless graph representation of distribution networks
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Based on the graph, node A represents the production center, while nodes B to H represent the distribution
points in the surrounding area. Each side (edge) shows a direct connection between locations with a weight in
the form of actual mileage. This graph representation provides a structured picture of the relationship between
points and forms the basis for the preparation of the distance weight matrix at the next stage of analysis.

3.3  Weight Matrix Formation

Once the distribution network is represented in the form of a weighted graph, the next step is to form a weight
matrix that will be used in the Min-Plus Algebra calculation process. The weight matrix is arranged based on
the distance between distribution locations obtained from Google Maps and is represented in the form of a
square matrix measuring 8 X 8 according to the number of nodes on the distribution network.

In the weight matrix, each element (a;;) expresses the distance from node (j) to node (i). If there is a direct
relationship between two nodes, then the value of the matrix element is populated with the actual distance
between the locations. Conversely, if there is no direct relationship, then the matrix element is given an infinite
value () or (&) in Min-Plus Algebra. The distribution network weight matrix is shown in Table 1.

Table 1. Matrix Weight A Distribution Network

From/To A B C D E F H
A £ 9.4 £ £ £ £ £ 20.0
B 9.4 £ 5.6 8.6 £ 9.2 12.0 £
C £ 5.6 £ £ 4.2 5.6 £ £
D £ 8.6 £ £ 6.0 8.1 £ £
E £ £ 4.2 6.0 € £ 12.0 €
F £ 9.2 5.6 8.1 £ £ € €
G £ 12.0 £ £ 12.0 £ £
H 20.0 £ £ £ £ £ £

Based on the weight matrix that has been formed, it can be known that the direct relationship between
distribution locations and the distance that connects them can be determined. This matrix is the basis of the
Min-Plus Algebra operation process because all minimum trajectory calculations are carried out based on the
weight information contained in the matrix. Furthermore, the weight matrix is used in the Min-Plus Algebra
operation process through matrix rank to obtain the minimum distance between all node pairs on the
distribution network.

3.4  Application of Min-Plus Algebra and Closure Matrix Formation A*

After the weight matrix A is constructed, Min-Plus Algebra is employed to determine the minimum distance
between all pairs of nodes in the distribution network. The computation is carried out through repeated Min-
Plus matrix exponentiation until the closure matrix A* is obtained. The resulting closure matrix provides the
minimum distance between every pair of distribution locations by considering all feasible paths within the
network.

Based on Equations (1) through (3), matrix exponentiation is performed using Min-Plus multiplication to
obtain the minimum distance between nodes. The calculation begins by determining the matrix A®2. As an
illustration, one of the elements of matrix A®2is calculated as follows:

Determining element (4A%?),5.

(A®2)13 :@2=1 (a1x @ axs)
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In Min-Plus Algebra:
@= Min (=) and ®= Plus (+)
Thus,
(A®?)13 = min{as; + ay3, @15 + A3, Ay + As3, Qg4 + Ays, Qy5 + As3, Qg + A3, Qg7 + Ar3, Arg + Ags}
Substitute the values from matrix A from Table 1:

(A®%),; ={e+¢694+56,e+¢ee+¢ee+42,6+56,¢+¢20.0 + ¢}

Since:
e+x=¢
Then,
(A®?),; = min{e, 15.0,¢,¢, ¢, ¢, €, €}
Therefore:

(A®2),; = 15.0
Thus, the value of the element in the first column and third row of matrix A®2 is 15.0.

Using the same procedure, the remaining elements are calculated to obtain matrix A®2. The resulting matrix
is presented as follows.

118.8 £ 15.0 180 & 186 21.4 £
£ 11.2 148 173 98 11.2 £ 29.4
15.0 148 84 102 ¢ 148 16.2 £
402 — 18.0 173 10.2 120 ¢ 178 18.0 £
£ 9.8 £ £ 84 98 £ £
18.6 11.2 148 17.8 98 11.2 21.2 £
21.4 £ 16.2 180 & 21.2 24.0 £
L € 29.4 € £ £ £ £ 40.0-

Next, matrix A®3 obtained by the Min-Plus multiplication operation between the matrix A®? and matrix A.
The calculation process is carried out by the same procedure as in the formation of the matrix A®2.

(A®%),, = D=1 (A ® arz)

min{ay; + ayp, 13 + gz, A3 + A3, Ayy + Az, A1 + Asz, Ay + Aey, Ar7 + A7z, A1 + Agy}
=min{188 + 9.4, +¢,15.04+5.6,18.0 + 8.6, + 18.6 +9.2,21.4 + 12.0,¢ + ¢}

= min{28.2,¢,20.6,26.6,¢,27.8,33.4, €}

= 20.6

Using the same procedure, the remaining elements are calculated to obtain matrix A®3. The resulting matrix
is presented as follows.

¢ 20,6 242 266 192 206 e  38.87
206 204 140 158 19.0 204 218 ¢
242 14.0 204 229 126 14.0 268 35.0
A®3 — 26.6 158 229 259 144 158 29.3 38.0
19.2 190 126 144 ¢ 19.0 204 ¢
20.6 204 140 158 19.0 204 218 38.6
e 218 268 293 204 218 & 414
1388 ¢ 350 380 & 386 414 ¢

To avoid presenting repetitive calculations, only the formation of matrices A®2 and A®® is shown in this
study. The same computational procedure is then continued until A®”. Since the network contains eight nodes,
the matrix power operation is performed up to A®™=1_ This allows the minimum distances between all pairs
of nodes to be determined through the Min-Plus Algebra framework.
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After the entire matrix power computation process is completed, the closure matrix A* is constructed based on
Equation 5 as follows:

A*=I®A®A®Z®A®3®"-®A®7

where [ is the identity matrix in Min-Plus Algebra and n denotes the number of nodes in the distribution
network. Since the network consists of eight nodes, the closure matrix is obtained by combining the matrix
powers up to A%,

The resulting closure matrix A*represents the minimum distances between all pairs of nodes in the network.
Each element of A*corresponds to the shortest distance that can be achieved between two nodes by considering
all possible paths within the distribution network.

€ 9.4 £ £ £ £ £ £ 7
9.4 £ £ £ £ 9.2 12.0 €
41.0 5.6 £ £ £ £ £ £
A = 42.8 32.6 £ £ 6.0 £ £ £
36.0 £ 4.2 £ £ £ £ £
374 372 30.8 8.1 £ £ £ £
214 12.0 16.2 180 37.2 21.2 £ 41.4
120.0 294 350 38.0 39.2 38,6 414 e

The closure matrix A* represents the minimum distance between all pairs of nodes in the distribution network
by considering all possible paths. Each element in A*indicates the shortest distance from one distribution
location to another, including indirect routes through intermediate nodes. From the obtained closure matrix, it
can be observed that several indirect paths result in shorter distances than the corresponding direct connections
in the initial weight matrix. This demonstrates the ability of Min-Plus Algebra to identify shortest-path
relationships within the distribution network.

Therefore, the closure matrix A* is used as the basis for analyzing the distribution network structure and
deriving a distribution route, which is discussed in the following section.

3.5 Determination of the Distribution Route

Based on the manual computation using Min-Plus Algebra, a closure matrix (4*) was obtained, containing the
minimum distances between each pair of locations in the distribution network. This matrix represents the
shortest distance that can be traveled from one node to another.

Based on the analysis of the closure matrix (A*) and the structure of the distribution network, the following
distribution route was identified

A->B->C->F->D->E->G->B->A-H.

The total distance of this route is 88.1 km, calculated by summing the distances between consecutive locations
along the route. The closure matrix (A") is used to determine the minimum distances between connected nodes,
while the route was arranged by considering the connectivity of the distribution network so that all distribution
locations could be reached.

The results indicate that Min-Plus Algebra can be applied to analyze shortest-path relationships within a
distribution network and support the determination of distribution routes based on the existing network
structure. The obtained route provides a representation of the distribution path connecting all locations in the
UMKM Putra-Putri Agli distribution network.

3.6 Visualization of Results

Based on the results of the Min-Plus Algebra computation, the closure matrix A* was obtained, containing the
minimum distances between each pair of nodes in the distribution network. Each element a;; represents the
shortest distance from node j to node i. To provide a clearer representation of the network structure derived
from the closure matrix A*, the results are visualized in the form of a graph showing the relationships among
distribution nodes and the shortest-path connections within the network.
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Fig 4. Graph representation of the distribution network
The resulting graph is used to illustrate the distribution route obtained from the network analysis, namely:
A-B->C—->F->D->E->G—->B->A->H

with a total distance of 88.1 km. This visualization shows the traversal pattern within the distribution network,
where certain nodes are visited more than once due to their role as connecting points between different
locations. The repeated visits indicate the limited availability of alternative direct paths, requiring the route to
pass through intermediate nodes to reach all distribution locations.

The graphical representation highlights the influence of the distribution network structure on route formation.
It demonstrates that the resulting route is determined not only by the minimum distances between node pairs

contained in A*, but also by the connectivity constraints of the network. Therefore, the route reflects the
structure of the existing distribution network while incorporating the shortest-path information obtained
through Min-Plus Algebra.

4 Conclusion

This study analyzes the distribution network of UMKM Putra-Putri Agli using Min-Plus Algebra to determine
the shortest path structure within a weighted graph representation. The results show that the topology of the
distribution network significantly influences route formation, where limited connectivity between nodes
requires the use of intermediate nodes to reach minimum-distance paths. This indicates that distribution
efficiency is determined not only by direct distances but also by the structural configuration of the network.

The application of Min-Plus Algebra provides a systematic matrix-based framework for solving the all-pairs
shortest path problem through the construction of the closure matrix A*. The matrix A* contains the minimum
distance values between all pairs of nodes and serves as the basis for identifying shortest-path relationships
within the distribution network. Through this approach, the shortest distances between locations can be
obtained simultaneously within a unified algebraic framework, making it suitable for network analysis and
route planning.

https://mjomaf.ppj.unp.ac.id/ 35



Mathematical Journal of Modelling and Forecasting ISSN: 2988-1013

From a practical perspective, the results provide a structured reference for distribution planning in UMKM
Putra-Putri Agli. The identification of minimum-distance paths can support more efficient delivery planning
by reducing unnecessary travel distances and improving operational flow. However, this study is limited to
static distance-based analysis and does not consider dynamic factors such as traffic conditions, travel time
variations, or vehicle capacity constraints. Therefore, future research is recommended to incorporate dynamic
network parameters or integrate Min-Plus Algebra with other optimization methods to improve its
applicability in real-world distribution systems.
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